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The stochastic time scale of the mode hopping in a bulk semiconductor laser can be varied maintaining the
symmetry of the residence times by a proper tuning of the laser substrate temperature and pumping current.
While the addition of external noise to the pumping current affects the symmetry of the mode-hopping process,
a sinusoidal modulation does not, providing that the modulation amplitude is below a critical value. In this
case, we observe stochastic resonance in the modal intensities of the laser. We show the occurrence of the
phenomenon in the spectral domain, and we characterize it by a statistical analysis based on the residence times
probability distributions. The evidence ofbona fideresonance is also provided, varying the modulation fre-
quency and analyzing a proper statistical indicator. Changing the temperature of the laser substrate we show
that resonance occurs at different modulation periods always equal to the double of the average residence time
measured without modulation.
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I. INTRODUCTION

The concept of stochastic resonance has been introduced
in the context of ice ages by Benziet al. f1g. The peculiarity
of the phenomenon relies on the fact that a finite amount of
white, Gaussian noise may induce coherence in a suitable
nonlinear system. Such an apparently contradictory idea has
proved to be very successful, and much evidence has been
provided in different fieldssfor a review, see, e.g.,f2gd.

The key ingredient of stochastic resonance, in the classi-
cal sense, is the interplay between a bistable system and a
small, periodic modulation. In the absence of noise, the driv-
ing is unable to induce the switching of the system from a
well of the potential to the other. The addition of noise is
able to trigger, at a finite level of the noise strength, an al-
most synchronized jumping of the system between the two
wells with the input modulation. Increasing the amount of
noise, the quality of the response decreases, thus resulting in
a resonance like behavior.

The study of stochastic resonance has been particularly
fruitful in nonlinear optics and especially in laser physics,
starting from the very first evidence in a real physical sys-
tem: namely, a ring laser where bistability occurs between
two counterpropagating ring cavity modesf3,4g. Recently,
the phenomenon has been studied in detail in the polarized
emission of vertical cavity lasersf5,6g and in edge-emitting
lasers with optical feedbackf7g.

In this work, we present evidence of stochastic resonance
in the modal emission of a bulk, edge-emitting semiconduc-
tor laser. For a particular choice of the system parameters—
namely, the laser substrate temperature and the pump
current—mode hopping between two longitudinal modes is
foundf8g. The process is stochastic and ruled by the Kramers
statisticsf9g. We have shown in another workf10g that a
suitable path in the parameter space can be chosen in order to
vary the average residence times of the active modesseven

of several orders of magnituded, but keeping constant their
ratio. Such a behavior can be dynamically interpreted as a
variation of the stability of the modes, leading to a different
sensitiveness to the amount of spontaneous emission noise
present in the system. In terms of the phenomenological
Langevin description of the particle motion in a bistable po-
tential subject to additive,d-correlated Gaussian noisessee,
e.g.,f11gd, this could be interpreted as a parametric variation
of the potential barrier at a fixed noise level. The resulting
process is physically indistinguishable from the one where
the potential is kept fixed and the noise strength is varied,
and it can lead to the same behaviors.

In our experiment, we show that the addition of a small
modulation in the pumping current together with a suitable
variation of the parameters for tuning the time scale of the
mode hopping is able to produce a resonant response which
can be interpreted as a stochastic resonance. Moreover, tun-
ing the modulation frequency and keeping fixed the system
parameters, we can show also evidence of abona fidereso-
nancef5,12g.

The structure of the paper is the following. In Sec. II we
describe the experimental setup. In Sec. III we briefly recall
the statistical analysis of mode hopping and we study the
effect of an external modulation applied to the pump current.
In Sec. IV we describe the occurrence of stochastic reso-
nance in the system, while evidence ofbona fideresonance is
reported in Sec. V. In the last section we draw our conclu-
sions.

II. EXPERIMENTAL SETUP

The experimental setup is very similar to that used inf8g.
We monitor the modal intensities of a bulk edge-emitting
semiconductor lasers Hitachi Hlp 1400, which is a double-
heterostructure Ga1−xAl xAs laser with a bulk active region
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and cleaved, uncoated facets. The frequency separation be-
tween consecutive longitudinal modes is 125 GHz, and the
laser emission is in a single-transverse mode with a wave-
length around 840 nm. The lasing threshold is around
80 mA. The laser package temperature is stabilized up to
0.01 °C and the laser current is controlled with a very stable
s±1 mAd power supply. The laser operates in a single-
longitudinal mode for the largest region of the parameter
space, except close to threshold and in the neighborhood of
some current values where a change in the identity of the
dominating mode takes place. The origin of these spectral
transitions is well knownf8,13–15g: when the temperature of
the semiconductor medium is increased, by increasing of the
laser substrate temperaturesTsubd or by increasing of the
pumping currentJ sthrough the Joule effectd, the refractive
index of the semiconductor medium increases and produces
a slight redshift of the modal wavelengths. At the same time,
the peak of the gain spectrum also experiences a redshift.
Since the redshift rate of the gain spectrum is larger than the
one of the longitudinal modes resonances, the former causes
roll-off of the active longitudinal modem1 and finally in-
duces the transition to another one at longer wavelengthm2.
Close to these transition regions, both modes are stable and
the laser displayssnoise-inducedd mode hoppingf8g. Around
the transition, for lower currents the modal intensitym1 is
most of the time in theON state, while the modal intensitym2
is most of the time in theOFF state, for higher currents the
opposite situation is found. Further increase of the bias lead
to a stable emission of modem2, exiting from the transition
region.

III. STATISTICAL PROPERTIES OF THE MODE-
HOPPING

In the transition regions, the modal intensities exhibit ran-
dom switchings from theON state to theOFF state, featuring
a strong degree of anticorrelationsbetter than −0.95d. In
f8,10g we have analyzed this modal behavior from a statisti-
cal point of view, characterizing the residence timesT—i.e.,
the intervals of emission in a given mode. In the entire pa-
rameter region where the modal transition occurs, the resi-
dence time probability distributionsRTPDd on each mode is
an exponential decaying function, in agreement with the van
’t Hoff–Arrhenius lawf9,16,17g. This law describes the resi-
dence time of a particle in a potential well driven by a
Langevin force. Besides, the value of the standard deviation
sT of the residence time is close to the value of the average

residence timesT̄d, as expected for this kind of statistics.
These results indicate that the modal dynamics can be inter-
preted as the noise-induced movement of a particle in a
double potential well, and the decay rate of the RTPD’s can
be associated to the Kramers timetk, which represents the
inverse of the average escape rate.

A. Dependence on the laser parameters

The decay rates of the RTPD’s for the two modes are in
general different. Overlapping of the two distributions, re-
sulting in a symmetrical situation for the statistical properties

of the two modes, is obtained for a specific value of the
pumping current and this current value changes asTsub is
varied. In order to quantify the degrees of symmetry of the

modal emission, inf10g we introduceda as the ratioT̄m1
/ T̄m2

between the average residence time of the modem1 active
below the transition and the modem2 active above the tran-
sition. We can choose a path in the parameter spacesJ,Tsubd,
along whicha remains constant. Since the two modal inten-
sities are strong anticorrelated, the mode hopping along these

FIG. 1. Average residence time for the modesm1 and m2 as a
function of the laser substrate temperatureTsub. Inset: the pathG1

followed in the parameter spacesJ, Tsubd in order to changeTsub

maintaining the symmetry between the modal emissionssa=1d.

FIG. 2. Symmetry indicator as a function of the modulation
frequency in the pumping current for different amplitude rms val-
ues. The system is in the parameter conditions corresponding to
point B of Fig. 1.
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parameters path can be described by a simple master equa-
tion with a single rate. Inf10g we have fixeda=1, identify-
ing the pathG1. We have shown that alongG1 it holds an
even stronger condition; i.e., the shape of the quasipotential
associated to the modal intensities is maintained. This en-
ables the description of the mode-hopping process with a

Langevin model with a well-defined potentialsderived from

the experimentally measured quasipotentiald with an additive

source of white, Gaussian noise. As we change the param-

eters moving alongG1, the residence timessT̄m1
=T̄m2

=T̄d
vary accordingly to Fig. 1. The pathG1 is described in the

FIG. 3. Modal intensity time series for differ-
ent parameter conditionssfrom top to the bottom
the parameters correspond to the points marked

respectively by A fwhere T̄<23103 msd, B

swhereT̄<300 msd, andC swhereT̄<30 msd in
the branchG1

b plotted in Fig. 1g. The period of the
modulation is 500ms s2 kHzd while its amplitude
is 0.25 mA rms.

FIG. 4. Height of the peak at the modulation frequency in the modal intensity power spectrum as a function of the position alongG1,
expressed by the laser substrate temperature. Corresponding pumping current can be obtained from Fig. 1. Left: moving along the branchG1

a,
with a modulation in the pumping current of 40 kHz and an amplitude of 0.30 mA rms, Right: moving along the branchG1

b with a
modulation in the pumping current of 2 kHz and an amplitude of 0.25 mA rms.
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inset of Fig. 1. We remark the existence of two branchesG1
sad

and G1
sbd ssee Fig. 1d along which T̄ varies monotonically

with Tsub.
The modal intensities probability distributions are

well described by the solution of the Langevin equation
f11g

Psxd = P0 expf− Usxd/Dg, s1d

whereP0 is a normalizing factor,x represents a modal inten-
sity, Usxd is the bistable potential, and the system is driven
by a white, Gaussian noise sourcejstd such thatkjstdjst8dl
=2D3dst− t8d, wherek¯l stands for time integration.

We point out that, as shown inf10g, the variations ofT̄
along G1 sFig. 1d are due to a modification of the quasipo-
tential Usxd by a scaling factor, while the phenomenological
noiseD remains constant.

The possibility of varying the hopping rate, maintaining
the symmetry of the potential, allows for tuning the stochas-
tic time scale of the system to theshalfd period of an external
modulation, which is the standard condition for observing
the stochastic resonance phenomenon.

B. Effect of externally added noise

Another method for changing the hopping time scale is by
adding electrical noise on the pumping current. This method
relies on the fact that, as shown before,J influences deeply
the residence times on each mode. In a similar systemf5g,
indeed, this technique was successfully implemented. Any-
way, considering the field variable, pumping current enters
into the laser field equations in a multiplicative way. There-
fore, the equivalence between adding noise to the pumping
current and introducing additively noise into the system is far
from being trivial and it must be verified. Inf10g we show
that the symmetry of the modal emission is strongly affected
by increasing the noise level added toJ. This result cannot
be interpreted in the frame of additive noise; using the
Langevin picture of thessymmetricd double potential well,
an increase of the noise levelD should alter equally the
residence times of both wells. Then, we conclude that the
pumping current cannot be used straightforwardly in our sys-
tem as the channel for injecting additive noise.

C. Response to an externally added modulation

In order to explore the possibility of observing stochastic
resonance we analyze how mode hopping is affected by ad-

FIG. 5. Residence time probability distribu-
tion for the modes active obtained for the same
parameter values of Fig. 3sfrom top to bottom
the parameters correspond, respectively, to the
pointsA, B, andC of Fig. 1d. The black trace is
relative to the modem1; the gray trace is relative
to modem2.
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dition of an external periodic modulation. In our system we
have shown that the residence times on each mode are deeply
affected by the pumping current, which, therefore, represents
the most natural channel for introducing a modulation.

Stochastic resonance phenomenon is induced by a sub-
threshold modulation amplitude; i.e., the external forcing is
unable to induce synchronized jumps between the two wells
in the absence of noise. In our system, since we cannot
change experimentally the internal noise level, this condition
on the modulation amplitudesAmod has been verified using
an alternative method. We have checked that, for modulation
frequenciessnmodd much lower than the Kramers rates, the
amplitudesAmod used are small enough that there is no sig-
nificative interaction between the modulation and the modal
behavior. This means that the hopping statistics of the system
modulated atnmod! stkd−1 are similar to the ones of the sys-
tem unforced; i.e., the RTPD’s remain exponentially decay-
ing functions with the same Kramers rates.

Another requirement is that the external forcing should
not modify adiabatically the symmetry of the quasipotential.
This has been verified checking how the symmetry indicator
a is affected byAmod. In Fig. 2, we plota for different
frequencies of the modulation and we observe thata remains
unaffected in the range of frequencies explored for modula-
tion amplitude smaller than 0.25 mA rms. Above this value,
a becomes dependent onnmod. The quantitative result of Fig.
2 is particular of the transition explored and on the parameter
values chosenspoint B of Fig. 1d. For the transition studied

and for the entire pathG1, this condition on the modulation
amplitude is more restrictive than the condition for sub-
threshold excitation. In practice, when modulating the sys-
tem, if a remains unchanged for the frequencies of the forc-
ing used, both conditions are verified.

IV. STOCHASTIC RESONANCE

We investigate the response of the system by applying a
sinusoidal modulation with a subthreshold amplitude at a
periodTmod. Then, we vary the average mode-hopping dura-

tion T̄ by changing the parameters according to the pathG1.
In the following, we will refer to the parameters used in the
experiment by indicating the value ofTsub; the corresponding

value forJ sand ofT̄d can be induced from Fig. 1. As a rule,

a resonant behavior is expected whenTmod<2T̄. Choosing a
Tmod compatible with the hopping time scales described in
Fig. 1, the temporal behavior of a modal intensity is shown
for the branchG1

sbd in Fig. 3. For a differentTmod, a similar
response is found along the second branchG1

sad. If Tmod is
chosen such that it is compatible with the time scales of both
branches, a double resonance can be found by increasingTsub
alongG1.

Analyzing the modal time seriessFig. 3, from bottom to

topd, we observe that, if 2T̄,Tmod, the system exhibits
random-mode hops not synchronized with the forcing, and if

2T̄<Tmod, the mode hopping occurs synchronously with the
modulation and we have a maximum of coherence in the

modal signal. Finally, for 2T̄.Tmod, mode hopping does not
occur anymore at every half-period of the forcing and syn-
chronization may be present but only for time windows last-
ing few modulation periods.

A quantitative description of the resonance can be per-
formed by plotting the magnitude of the modal signals com-
ponent at the frequency of the modulation. The result is
shown in Fig. 4, where we plot the response along the branch
G1

sad sleftd andG1
sbd srightd.

A clear maximum can be noticed in both cases when the

resonance conditionTmod<2T̄ is fulfilled. This is a clear evi-
dence of the stochastic resonance phenomenon, obtained by
proper tuning of the stochastic time scale of the system to the
external modulation period. It is worth noting that, at vari-
ance with conventional stochastic resonance, where the inter-

FIG. 6. IndicatorI as a function of the position alongG1, ex-
pressed by the laser substrate temperature. Corresponding current
value can be induced from Fig. 1. Squares are obtained for the
modal intensitym1, while stars for the modal intensitym2. The
modulation characteristics are as in Fig. 3.

FIG. 7. Height of the peak at the modulation frequency in the modal intensity power spectrum as a function of the modulation frequency.
The solid lines are a fit with single-pole response functions. In the left panel the system parameters correspond to the pointE sfor which

T̄<20 msd in the branchG1
a plotted in Fig. 1. In the right panel the system parameters correspond to the pointD sfor which T̄<160 msd in

the branchG1
b plotted in Fig. 1.
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nal time scale is tuned by addition of external noise, we are
able to obtain this phenomenon relying on the dependence of
the internal time scale of the system with its parameters.

An useful analysis of the observed behavior can be per-
formed by considering the activation residence timesT of a
mode, defined as the time interval between a switching-on
event and a switching-off event of this mode, and perform
the corresponding statisticsf2g. In Fig. 5, we plot the resi-
dence time probability distributions corresponding to the
time series plotted in Fig. 3, evaluated for both modes. For

2T̄,Tmod the RTPD’s are exponentially decaying functions,

as a consequence of the random hopping. For 2T̄.Tmod, the
RTPD’s exhibit several peaks corresponding to odd multiple
of Tmod/2, indicating that the hopping is not synchronous
with the modulation but it may occur over few modulation

periods. Finally, for 2T̄<Tmod the RTPD’s present a single
peak, showing that most of the residence times are compa-
rable with half of the modulation period and a statistical
synchronization could be present.

In order to quantify the resonance in this context, an in-
dicator has been introduced measuring the excess of jumps
synchronized to the forcing with respect to the jumps distri-

bution without modulationf5g. This indicator is defined as

I =E
Tmod/2−bTmod

Tmod/2+bTmod

P̃sTddT, s2d

whereP̃sTd is the RTPD with substraction of the background
f5g and 0,b,1/4 define the width of the integration re-
gion. In Fig. 6 we plot, for both modes,I as a function of the
position of the system along the parameter pathG1

b. The pres-

ence of a maximum forI when 2T̄<Tmod is a further strong
indication of the occurrence of stochastic resonance.

V. Bona fideRESONANCE

A standard procedure for characterizing a system is the
analysis of its frequency response to a periodical forcing.
This is particularly relevant for semiconductor lasers in view
of their telecom application. In our case, chosen a point in

the pathG1 with an average residence timeT̄ on both mode,
we vary the period of the modulation applied. The frequency
response of the modal intensity is plotted in Fig. 7 for two
working pointsssee Fig. 1d: E in the branchG1

sad, for which

FIG. 8. Left: modal intensity time series for
different modulation frequencies at the tempera-
ture of 20.5 °C, corresponding to pointD on the
parameter path plotted in Fig. 1. From top to bot-
tom: 20 kHz, 2 kHz, 0.1 kHz. The amplitude of
the modulation is 0.25 mA rms. Since in the

point D T̄<160 ms, we have that s2T̄d−1

<3.1 kHz.
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T̄<20 ms fs2T̄d−1<25 kHzg and D in the branchG1
sbd, for

which T̄<160 ms fs2T̄d−1<3.1 kHzg. The curves show a
single-pole behavior, with a cutoff frequency at about
26 kHz for the pathG1

sad and at about 3.8 kHz for the path
G1

sbd. No resonance can be evidenced by this kind of analysis.
On the other hand, plotting the modal intensity for differ-

ent values ofTmod evidences that forTmod<2T̄ the modal
intensity exhibits a maximum of coherencessee Fig. 8d. For
such a modulation frequency mode hopping occurs synchro-
nously with the forcing.

The enhancement of the response of the system with the
forcing for a given frequency together with the single-pole
frequency response suggests that this behavior can be inter-
preted as abona fideresonancef12g. Such a phenomenon
relies on the degradation of the signal response at low fre-
quencies, due to random hopping within half of the modula-
tion periodssee bottom part of Fig. 8d. While the coherence
of the signal is strongly affected by those events, the Fourier
response is not significatively influenced, resulting in a flat
response for low frequencies. As a consequence, in order to
underline and quantify the phenomenon it is necessary to
evaluate the RTPD’s and to analyze the value of the indicator
I fEq. s2dg as a function of modulation frequency. Such a
method has been proven to be effective in the evidence of
bona fideresonance in vertical cavity lasersf5g. We report in
Fig. 9 the result for the two points analyzed. A clear maxi-
mum of I is found in both cases, thus confirming the exis-
tence ofbona fideresonance in our system.

We have verified thatbona fideresonance can be observed
for all the points of the pathG1, thus varying the resonating

value of Tmod on several orders of magnitude, as shown in
Fig. 10. We remark that the points obtained are close to the

line for which Tmod<2T̄, as expected.
In f10g we have pointed out that the average value of the

modal residence time is related to the stability of the longi-
tudinal modes and it depends on the laser parametersTsub
andJ. In the frame of the Langevin description, the residence
time has been associated to the depth of the potential wells
rather than to the noise level which is not affected signifi-
cantly by the parameters. In other words, we vary the sto-
chastic time scale of the hopping by scaling the potential
function instead of simply change the noise level. This
makes the stochastic resonance observed in our system rather
peculiar with respect to the conventional ones.

VI. CONCLUSIONS

We have analyzed the stochastic dynamics of mode hop-
ping in bulk semiconductor lasers. This experimental inves-
tigation has revealed that stochastic resonance can be ob-
served by modulating the pumping current and properly
tuning the parameters of the system. In such a way, the av-
erage residence times of the modal intensities change along a
path in the parameter spacesTsub,Jd, matching the modula-
tion half-period and leading to the resonance. While the phe-
nomenon is noise induced, the stochastic time scale of the
hopping is modified by a scaling of the potential function
instead by a variation of the noise level. The phenomenon
has been observed in different points of the path and evi-
denced both in the spectral domain and with a statistical
characterization based on the RTPD’s. Evidence ofbona fide
resonance has also be provided by modulating the system at
different frequencies while its parameters were kept constant.
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FIG. 9. IndicatorI as a function of the modulation frequencies.
In the left panel the system parameters correspond to the pointE

ffor which s2T̄d−1<25 kHzg on the path plotted in Fig. 1. In the
right panel the system parameters correspond to the pointD ffor

which s2T̄d−1<3.1 kHzg on the path plotted in Fig. 1. Dashed lines
are relative to the modal intensitym1, while solid lines are relative
to the modal intensitym2.

FIG. 10. The inverse of the double of the average residence
timessmeasured removing the modulationd plotted as a function of
the corresponding values of the modulation frequency that maxi-
mize the indicatorI scalculated on the modal intensitym1; a similar
curve holds for the other moded.
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